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1.0

Executive Summary

This review of the literature on primary mathematics education was commissioned by Social
Innovations on behalf of PEP Academy. It is not exhaustive, but it is our hope that it provides some
insight into the significant backlogs and struggles that children face on their journey to
mathematical proficiency. The report examines some of the assessment data with a lense on the
expanding knowledge and skills gaps that beset learners on this journey. The review then
considers the question of desired outcomes of mathematical learning and teaching whilst also
considering the guidance offered by the current South African curriculum and teaching frameworks.
We also consider some of the evidence on approaches to teaching and learning mathematics,
organised around selected themes. The purpose is to spotlight, for programme designers and
others with a stake in addressing the challenges, some of the approaches that hold promise for
moving learners across the gaps that block their educational aspirations.
What is evident is that we face a crisis in which far too many children, disproportionately from poor
socio-economic backgrounds, are placed on a trajectory that leaves them innumerate and with a
mathematical disposition that fails to equip them for a rapidly changing world. This pathway begins
with poor foundations, debilitating mathematical learning experiences, and continues with
expanding knowledge and skills gaps. What is also evident is that through purposefully designed
interventions, based on tested approaches this crisis can be averted.
The report concludes with some reflections on where there may be a need for further research,
particularly in the area of language but also in testing approaches within the local context and its
unique constraints.

2.0

Introduction and Background

PEP Academy Programme
This literature and research review forms part of a broader study that aims to assess the PEP
Academy numeracy programme. PEP Academy is an after-school, academic and social
enrichment programme that operates in host schools and services local communities. The PEP
Academy programme launched in 2008 and is well established in partner schools (Social
Innovations, 2018). There are currently 25 academies nationally, situated in Gauteng, the Western
Cape, the Free State, and KwaZulu-Natal. PEP Academies offer formal tuition in literacy and
mathematics, as well as a Life Orientation (LO) programme (Social Innovations, 2019).
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The PEP Academy programme is particularly sensitive to the needs of Intermediate Phase (IP)
learners and specifically targets Grades 4 & 5. The programme recognises the challenges that
learners face as they transition from the Foundation Phase (FP) to the IP; not only does the
language of teaching and learning shift from mother tongue to English, but learners are also tasked
with grasping new subjects, new concepts, and different assessment methods (Social Innovations,
2018).

Numeracy Curriculum
The PEP Academy numeracy curriculum focuses on building a solid foundation in mathematics in
order to support learners with their transition into the IP. The programme covers all content areas
in Grades 4 and 5, but focuses on Learning Outcome 1 (Numbers). Emphasis is also placed on
helping learners grasp the language of mathematics (Social Innovations, 2018). This type of
support intervention is critical given the challenges identified above and the overall poor
mathematics performance in the country. According to the most current Annual National
Assessment (ANA) results, in 2014, the overall performance of Grade 4 and 5 learners was at the
‘elementary achievement’ level. The average Mathematics pass mark for Grade 4s was 36%, and
the average score for Grade 5 learners was slightly higher at 38% (Department of Basic Education,
2015b). The latest Trends in International Mathematics and Science Study (TIMSS) results for
numeracy at the Grade 5 level reinforce a bleak picture. In the 2015 study, 61% of the South
African learners tested scored below the 400 benchmark, meaning they did not exhibit the
minimum competency in basic mathematical knowledge required at their level (Reddy et al., 2016).

Evaluating the PEP Academy Numeracy Programme
In early 2019, the programme manager (Social Innovations) commissioned the Centre for the
Advancement of Science and Mathematics Education (CASME) to undertake a literature review to
support the broader review of the PEP Academy numeracy programme. The broader review aims
to assess how well the programme meets learners’ needs, and to put forward recommendations
to improve the 2020 curriculum. In addition, this review aims to serve as resource that will help
inform other programmes and approaches that aim to improve the performance of public school
maths in the intermediate phase. The report is not an evaluation of the PEP Academy numeracy
programme per se but a review of the research on mathematics education to draw out lessons and
best practices that would be relevant in the design and implementation of an extra-curricula
mathematics programme such as that offered through the PEP Academies.

Scope of the Literature Review
The literature review covers research on mathematics education in the primary and senior phases;
focusing on both curriculum and pedagogy. Particular attention is given to research that is relevant
to the transition from Foundation Phase (Grade 3) to Intermediate Phase (Grade 4) in South
African schools; the resulting challenges confronting teaching and learning, as well as strategies
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and activities to mitigate these. The literature review also points to some gaps in the body of
research and therefore offers some guidance for future researchers in this field.

Structure of the Report
This report consists of 8 sections including the executive summary. Section 2, the introduction
provides a brief overview of the PEP Academy programme, as well as the scope of the literature
review and the broader programme review. Section 3 defines a literature review, lists a set of key
framing questions, and outlines the approach used to undertake the review. Section 4 considers
the current status of learner mathematical achievement through a summary of three sets of
assessment data. Section 5 considers the aims and objectives of mathematical learning through a
consideration of the broad notion of mathematical proficiency as well as the South African
Intermediate Phase curriculum. Section 6, structured thematically, considers the key issues
identified through the review of the literature along with recommendations. Section 7 proposes
some areas in which additional research may add value to the field. Section 8 is the conclusion,
which provides some overarching commentary.

3.0

Undertaking the Literature Review

Literature Review: Definition
A literature review can be thought of as a critical overview of existing literature in a particular field
of study. It is more than a summary of existing research, and instead it should present an
analysis of existing work; highlighting common themes, areas of debate, and gaps in a particular
field of knowledge.
In the case of the PEP Academy numeracy programme evaluation, the literature review will help
in assessing the relevance and suitability of the current approach and curriculum content, as well
as help identify ways to improve the programme in future. This literature review is furthermore an
opportunity to inform research and programme design in the public sector.

Approach to the Literature Review

Before searching for relevant research, the research team refined the focus of the literature review
by distilling a set of key framing questions/topics and related search terms.

Key Framing Questions
The review is guided by a set of framing questions:


How are South African learners in Grades 3, 4 and 5 performing in Mathematics?



What content areas are these learners struggling with the most?



What are the most significant conceptual shifts across the Grade 3 and Grade 4
Mathematics curriculum?



What foundational knowledge is required as learners transition from the FP to the IP?
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What are some of the challenges that learners face as they transition from the FP to the
IP (e.g. language shifts, grasping of new subjects and assessment methods)?



What pedagogical strategies can be employed to address foundational gaps?



What teaching and learning practices can assist in addressing these challenges?

A core team of academic staff then searched for journal articles and reports using different
avenues. Google Scholar was useful to source academic papers, but the team also made use of
various organisational websites, including the Department of Basic Education (DBE) website, to
access relevant studies and reports. A mix of existing primary data (e.g. ANA results), secondary
data (e.g. journal articles) and grey literature (e.g. reports) was consulted.
The review includes a mix of international and local publications with notable contributions from:
•

ICMI (International Congress on Mathematics Instruction – Study 23 – Whole Number)

•

SANC (South African Numeracy Chairs)

•

SAARMSTE (The Southern African Association for Research in Mathematics, Science and
Technology Education)

•

AMESA (Association for Mathematics Education of South Africa)

•

EGMA (Early Grade Mathematics Assessment – USAID)

The volume of research on early years Mathematics is substantial and thus the team focused on
the most current research (within the last 5 years), and targeted journals, organisations and
researchers who are prominent in this field. This approach allowed for both adequate currency and
coverage. Some seminal work in the field was included due to its global influence on the study of
primary mathematics education.
Once a body of research had been obtained, the CASME team began summarising each work;
drawing out the focus of the research, key debates, and key findings. These annotations were
useful for the next step, which involved organising the literature into thematic areas that are
relevant to the framing questions outlined above. Whilst some of the research reviewed is useful
to better understand the context in which PEP Academy operates, for example, data on learner
mathematics results, other research is useful to better understand the challenges that confront
teaching and learning in primary school mathematics. The review also draws attention to examples
of pedagogical methods and approaches that have proved successful in addressing some of the
identified challenges, and which could potentially be incorporated into the 2020 numeracy
programme. This review is published as an open source report in order to contribute to knowledge
in the field and highlights emerging opportunities for further research.

4

4.0

ANA, TIMSS and Other Assessment Benchmarks

This section provides an analysis of the results

What is the ANA and TIMSS?

of the last ANA administered in 2014, the 2015

ANA are standardised tests designed to help DBE to
verify that every child in every school is developing the
language and mathematics skills appropriate for the
grade. According to DBE, the three main goals of ANA
are:

TIMSS and learner assessments conducted by
CASME between 2016 and 2018 as part of a
small-scale teacher development intervention.

SUMMARY OF LEARNER
PERFORMANCE



We begin by summarising the results of learner
performance in the 3 studies mentioned above



namely ANA, TIMSS and the CASME smallscale teacher development intervention. More
detailed reports of the three assessments are
included below should the reader wish to delve
deeper.
The results of the three studies are a useful
starting point as they provide a reliable picture of
learner mathematical performance in South
Africa. ANA and the small-scale study are firmly



To provide a tool for teachers to use in their
own assessment processes to diagnose
learning problems and design remedial
strategies.
To measure the progress of the country
towards improving literacy and numeracy
outcomes.
To promote accountability throughout the
system for achieving learning outcome.

The assessments were withdrawn due to the
opposition to their administration from various
stakeholders.
TIMSS is an international study designed to inform
educational policy and practice by providing an
international perspective on teaching and learning in
mathematics and science.
While ANA is national, TIMSS is international
assessment.

based on the learning outcomes expected in line
with the South African curriculum. The TIMSS curriculum and assessment framework is organised
around the mathematics content domains of numbers, geometry (shapes and measures) and data
display. In addition, TIMSS items measure performance in the cognitive domains of knowing,
applying and reasoning (Reddy et al., 2016). The TIMSS assessment items match very well with
the South African curriculum.
Although the Grade 3 ANA results are somewhat satisfactory, learner performance is seen to drop
in Grade 4 and 5 to levels that are below average. From the perspective of intervention design the
importance of engaging at the transition point between Foundation and Intermediate Phase is
therefore well supported by the assessment data.
Many intersecting factors contribute to decreased learner performance as children transition from
the Foundation to the Intermediate phases. These include:
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change in the language of learning and teaching (LOLT) from mother tongue to English as
a First Additional Language (EFAL),



increase in the number of subjects and concomitant reduction in teaching time for maths



change in the types of assessment that learners are expected to undertake

The latest ANA results give a clear indication of the
negative effect that this transition can have. Whereas the
average result for the Grade 3 learners was 52%, with a
modal score of 63%, this dropped sharply in Grade 4 as
learners attained an average result of 36% and a modal
score of 20%. The Grade 5 results remained poor (38%
average mark and 35% modal score).

Terminology Explained
The average mark refers to the arithmetic
mean of the learners’ marks. This mark is
obtained by adding all the individual
learner marks and dividing their sum by
the number of learners. The modal score
refers to the actual mark obtained by the
majority of learners.

The unsatisfactory performance of Grade 4 and 5 learners
is corroborated by the TIMSS 2015 numeracy study as well as the results from the small-scale
teacher intervention discussed in this section. The results overview demonstrates that South
African learners, particularly in no-fee schools, have not attained the mathematical proficiency
required for their grade level. This continuing downward trend is again revealed in the Grade 9
ANA results for mathematics where 11% of learners attained elementary proficiency.
The studies also highlight the areas in which
learners in each grade are performing worst.
Looking across the different grades and results,
there is some consistency in the content areas that
are in need of the most attention. In particular,
questions on Measurement, Numbers, Operations

Mathematics Content Areas in the
Intermediate Phase
Curriculum for Grades 3, 4 and 5 is divided into 5
content areas namely: Numbers, Operations and
Relationships; Patterns, Functions and Algebra;
Space and Shape (Geometry); Measurement;
and Data Handling.

and Relationships were poorly answered. In
contrast, learners tended to have a better
understanding in Patterns, Functions and Algebra and Data Handling. In addition, the ANA results
pinpoint more specific topics that learners in the different grades struggle with. The results analysis
reveals that across Grades 3, 4 and 5, learners need extra support with questions that focus on
telling the time, time conversions, measurement conversions, word problems and number
sentences.
What is evident is that despite small improvements across the system, learners overwhelmingly
have not attained the expected mathematical proficiency for their grade level. Hence, programmes
for intervention have to be put in place. The more detailed description of the three studies follows.
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ANA: SUMMARY OF RESULTS
The most recent ANA was administered by the
Department of Basic Education (DBE) with learners in

Terminology Explained

Grades 1-6 and Grade 9 in September 2014. Public

Grades are organised according to Bands and
Phases.

and state-funded independent schools took part. The
Mathematics. The ANA test results serve as a useful

The GET band refers to education and training
provided at primary and secondary school level,
from Grade R to Grade 9.

proxy for the quality of education at the General

These grades are further divided into Phases:

assessment tested learners in both Language and

Education and Training (GET) Band in South Africa





(DBE, 2015b). Their analysis suggests focus areas for
intervention.

Foundation: Grade R to 3
Intermediate: Grade 4 to 6
Senior: Grade 7 to 9

2014 Annual National Assessment - Grades 3 to 5
80

74

74
65

70

Average % Score

68
55

60
50
40

47

45
36 37

44

40
34 34

31

30
20

13

10
0
Number, Operations Patterns, Functions
and Relationships
and Algebra

Space and Shape

Measurement

Data Handling

Content Area
Grade 3

Grade 4

Grade 5

Figure 1 ANA Grade 3 to 5 Mathematics Results per Content Area (Source: DBE, 2015a)

A careful study of the results from the ANA report as represented in Figure 1 reveals a drop in
achievement per content area as the learners progress from Grade 3 to Grade 5. In Grade 3
(Foundation Phase) the average mark for almost all content areas is above 50 percent. By the
time learners get to Grade 5, performance in almost all the content areas is hovering at 40
percent and below. This is an indication of widening learning gaps, which require intervention.
Grade 9 results show the continuation of this downward trend. In the 2014 ANA only 11 percent
of Grade 9 learners met the ‘elementary’ achievement benchmark of 30 percent or above and
even fewer, a mere three percent, met the ‘acceptable’ achievement benchmark of 50 percent.

7

Figure 2 disaggregates the achievement into average percentage scores in the different content
areas.

2014 Annual National Assessment - Grades 3 to 5 and 9
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Grade 9

Figure 2 ANA Grade 3 to 5 and 9 Mathematics Results per Content Area (Source: DBE, 2015a).

The ANA Diagnostic reports go further to provide analysis of the content areas where learners
struggle most.


Overall the Grade 3 learners who participated in the assessment performed at the
“Adequate achievement” level, scoring an average result of 52%. The modal score (i.e. the
score most frequently attained by learners) in Grade 3 Mathematics was 63% (DBE,
2015a).



In the Grade 4 assessment, the overall performance of the learners was at the “Elementary
achievement” level with an average result of 36%. The Grade 4 Mathematics modal score
was a low 20%.



The Grade 5 learners who participated in the 2014 ANA achieved at the “Elementary
achievement” level with an average result of 38%. The learner modal score in Grade 5
Mathematics was 35% (DBE, 2015b).



Grade 9 performed below 40% in all content areas. There is no mark for Data Handling in
this Grade because learners were not assessed in this content area as it had not yet
been taught at the time the assessment was administered.

The scores indicate that learners have large learning gaps. This points to a need for intervention
programmes for learners in Grades 4 and 5. While performance drops from Grade 3 to Grade 4,
it stabilises from grade 4 to 5.
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The curriculum has not changed since the suspension of ANA. This unfortunately makes it
difficult to track changes in learner performance thereafter. Hence, the review also looks into
learner performance in a small scale CASME study.
For the purposes of this review challenging topics identified in the ANA Report are summarised in
the Table 1 below.
Table 1 Summary of Challenging Topics Identified in the ANA Diagnostic Report

Number,
Operations and
Relationships

Grade 3
Addition, subtraction of
context free calculations
using the building and
breaking down method
to do calculations
involving 2 and 3 digit
numbers.
Fractions: read and
write fraction names e.g.
half, quarter, third, fifth
etc.
Word problems
involving equal sharing
in 3’s, 4’s in the number
range up to 99

Patterns,
Functions and
Algebra

Space and
Shape

Interpretation of the
position and direction of
objects in a
diagrammatic
representation e.g. a
map
Calculations in money
involving totals and
change

Identified Learner Weaknesses
Grade 4
Division of whole numbers
Solving problems involving
grouping and sharing

Foundation to Intermediate Phase Transition

Content Area

Comparing common
fractions

Multiplication of 3digit by 2-digit
numbers
Identifying multiples
of 2-digit numbers

Ability to work Number
sentences

Rounding off to the
nearest 5
Writing open number
sentences

Determining input and
output values

Understanding
number patterns;

Identification of symmetry of
2-D shapes

Knowledge of
properties of 2-D
shapes and 3-D
objects

Knowledge of Properties of
2-D shapes and 3-D objects

Solving problems on
capacity;
Read, convert and show
time on an analogue
and digital

Transformation of 2-D
shapes;

Solving problems in
financial contexts
Conversion of units in
measurement

Measurement

Grade 5
Division of whole
numbers by factor
method

Calculation of time intervals;

Arranging units of
measurements from
the least to the most
Calculating the
perimeter of
rectangular objects
Calculation of time in
hours and minutes
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CASME SMALL SCALE TEACHER INTERVENTION: LEARNER RESULTS
FOR GRADE 4 & 5
The project aimed to improve teaching and learning in Mathematics and English First Additional
Language (FAL) in the Intermediate Phase (IP). The project began in 2016 by providing training
workshops and teaching resources for selected IP Lead Educators. In order to maximise the
number of educators who benefit from the initiative, the project partners designed a model for the
Lead Educators to cascade their training to their peers within their clusters. This implementation
model was deemed the most appropriate and sustainable way to reach the highest number of
educators and learners in a cost effective manner.
As part of the project monitoring and evaluation, both educators and learners were assessed at
regular intervals. Table 2 below shows samples of assessed learners for each year.
Table 2 Sample for assessment

Year

Sample
Grade 4

Grade 5

2016

134

129

2017

37

39

2018

37

45

The results of these assessments are presented and discussed below. When examining the quality
of passes across the different Grades, a number of interesting findings emerge. In Grade 4, 89%
of learners who wrote the 2018 paper passed (33 learners), with most (57% or 21 learners) scoring
a Level 4 pass (50-59%) or above. The figure below shows trends in the average pass mark over
time.
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Average mark (percentage)

Grade 4 Mathematics Average Mark Comparison
2017 & 2018 (%)
100
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Figure 3 Grade 4 Mathematics Average Mark Comparison (2017 & 2018)

Figure 4 below shows how well the tested Grade 5 learners performed over time and across the
different content areas.

Average mark (Percentage)

Grade 5 Mathematics Average Mark Comparison
2017 & 2018 (%)
100
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44 48

42
32

36

31 35

40
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0
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Data

Content Areas
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2017
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Figure 4 Grade 5 Mathematics Average Mark Comparison (2017 & 2018)

Although 84% of learners who wrote the 2018 paper in Grade 5 passed (38 learners), the quality
of passes is concerning. Over half of the learners who wrote the paper (53% or 24 learners)

11

achieved a Level 2 pass (30-39%) or below. Only 4% (2 learners) achieved a Level 5 pass (6069%) and only 1 learner achieved a Level 6 pass (70-79%).
An item analysis of performance across the five content areas over time shows a general positive
upward trend across all areas in each grade. In a few instances (e.g. Shapes in Grade 5), the 2017
Olympiad results are slightly higher than the 2018 results, although in most cases, the 2018
Olympiad results are higher than the baseline figures. This implies that interventions have potential
to improve learner performance.
Focusing on the 2018 results, an item analysis reveals that the average pass mark for patterns
was highest in Grade 4 (68%). In Grade 5, data questions were answered the best (69% average
pass mark).

SUMMARY OF TIMSS 2015 - GRADE 5
The TIMSS assesses the Mathematics and Science knowledge of fourth grade and eighth grade
learners around the world. The study was developed by the International Association for the
Evaluation of Educational Achievement (IEA) to allow participating countries to compare learners’
educational achievement across borders. The main aim of the TIMSS study is to determine the
nature and extent of learner achievement as well as understand the context in which it occurs
(Reddy et.al., 2016, p.1).
In 2015, TIMSS Numeracy (TIMSS-N) was introduced to test the foundational mathematical
knowledge of learners at the end of primary school. The TIMSS-N poses similar questions and
problems to those posed in TIMSS, except that easier numbers and more straightforward
procedures are used. TIMSS-N is designed to assess mathematical knowledge in Grades 4, 5 or
6 for countries where most children are still developing foundational mathematical skills (Reddy
et.al., 2016, p.1).
For TIMSS Numeracy 2015 in South Africa, the Human Sciences Research Council (HSRC)
conducted the study in 2014 at 297 schools with 10 932 learners. Learners in both public and
private schools were assessed. The South African schooling system comprises of independent
schools (9%) and public schools (91%), which vary considerably with regard to infrastructure and
resources. Of the learners who participated in the TIMSS 2015, 70% attended public no fee
schools, 27% attended public fee-paying schools and 4% attended independent schools (Reddy
et.al., 2016, p.1).
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In order to categorise and better compare learner performance, a series of benchmarks were
developed and are presented in Figure 5 below.

Figure 5 TIMSS Benchmarks (Source: Reddy et.al., 2016, p.1)

According to the TIMSS Numeracy results, the top five ranked countries were Singapore (618),
Hong Kong SAR (614), Korea (608), Chinese Taipei (596), and Japan (593). The five countries
who performed the worst were: Jordan (389), Saudi Arabia (384), Morocco (378), South Africa
(376) and Kuwait (354), although the score differences between South Africa, Morocco and Saudi
Arabia are not statistically significant (Reddy et.al., 2016).
It is concerning that South Africa was scored as one of the lowest performing countries. Threefifths of the South African learners (61%) who were tested did not exhibit the minimum competency
in basic mathematical knowledge required at the Grade 5 level (i.e. they scored below the 400
mark). Interestingly though there was a small percentage of learners (1.3%) who scored in the
Advanced category (above 625 points). In this sense, South Africa stands out as compared to the
other four lowest performing countries in that the others did not have any learners who achieved
at the Advanced benchmark. These advanced learners possess the potential to participate in
postgraduate studies (Reddy et.al., 2016). Figure 7 below shows the range of results obtained by
South African learners in the assessment.
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1%-Above 625

4%-550 to 625

12%-475 to 550

22%-400 to 475

28%-325 to 400
33%-Below
325

Figure 6 TIMSS Mathematics Achievement by TIMSS Benchmarks for South Africa (Source: Reddy
et.al., 2016, p.4)

It is important to note that at independent schools, over 60% of learners reached the Intermediate
benchmark (475 points) or did even better, with 14% achieving the Advanced benchmark of 625
points. In contrast, three-quarters of the learners attending public no-fee schools scored below
400. About 14% of learners at public fee-paying schools achieved the High (11%) and Advanced
(3%) competency levels (Reddy et.al., 2016, p.4).
The TIMSS curriculum and assessment framework is organised around the mathematics content
domains of numbers, geometry (shapes and measures) and data display. In addition, TIMSS
items measure performance in the cognitive domains of knowing, applying and reasoning
(Reddy, p. 6). The curriculum matches very well with the South African curriculum. While South
African learners slightly performed above the overall mean in the content domains of numbers
and data display, they underperformed in the other domains. Learners also underperformed in
the cognitive domain of reasoning.
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5.0

Mathematical Proficiency

Whilst South Africa’s performance in mathematics has been dogged by underachievement as
evidenced in the three studies reviewed above, there is an opportunity, if equipped with evidencedbased strategies, to arrest the backward slide.
At the outset it is necessary to recognise that mathematics is a strongly hierarchical subject in
which learners build new knowledge on previously learnt knowledge as they progress towards
increasingly abstract levels and stages of numerical strategies, conceptual place value and
multiplicative reasoning (Wright, R.J., Martland, J., Stafford, A.K. & Stanger, G., 2006). The
teaching and learning of mathematics, and in particular remedial interventions should consider this
vertical progression in their design.

Some practical considerations are included in the

Recommendations section of this report.
It is helpful to understand what to aim for in the teaching and learning of mathematics. If the aim
of teaching mathematics is to produce learners that are mathematically proficient, then it is equally
important that we ask, what is mathematical proficiency?
Kilpatrick, Swafford & Findell (2001) define mathematical proficiency in terms of five interconnected
strands, namely, procedural fluency, conceptual understanding, adaptive reasoning, strategic
competence and productive disposition. The first four relate to the knowledge and skills required
by learners to select appropriate procedures and strategies for solving problems or understanding
the world in mathematical terms, as well as the ability to apply this knowledge and skills in diverse
and unique contexts.
The productive disposition is perhaps the area in which untapped opportunity resides, particularly
in light of how extra curricula mathematics programmes for young children are designed to build
proficiency, inspire a love for mathematics, and motivate learners for lifelong success in the
subject.
A productive disposition is described by Kilpatrick et al (2001) as:

the tendency to see sense in mathematics, to perceive it as both useful and
worthwhile, to believe that steady effort in learning mathematics pays off, and
to see oneself as an effective learner and doer of mathematics
Schoenfeld (2007) also points out that some curricula are not designed to enable learners to
attain the strands of proficiency. They pay more attention on knowledge of procedures at the
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expense of other strands. He argues that having the knowledge only is not enough; “being able
to use it in the appropriate circumstances is an essential component of proficiency”.
•

The Mathematics Teaching and Learning Framework for South Africa, titled Teaching

Mathematics for Understanding (Department of Basic Education, 2018a) was developed
drawing extensively on Kilpatrick et al’s model. The framework is intended to support the
Department of Basic Education’s Maths, Science and Technology Strategy (2019 to

2030) (Department of Basic Education, 2018b). The framework is an adapted version of
Kilpatrick et al’s five strands model taking into account the South African context and
curriculum. It is important to point out that the framework is not a new curriculum. The
framework has been developed for South African teachers, to guide and assist them to
teach Mathematics in a way that improves learner outcomes. It supports the
implementation of the current curriculum through introducing a model to help teachers to
change the way in which they teach.

The framework envisions mathematics teaching and learning, where teachers:
•

teach mathematics for conceptual understanding to enable comprehension of
mathematical concepts, operations, and relations;

•

teach so that learners develop procedural fluency which involves skill in carrying out
procedures flexibly, accurately, efficiently, and appropriately;

•

develop learners’ strategic competence – the ability to formulate, represent, and decide
on appropriate strategies to solve mathematical problems;

•

provide multiple and varied opportunities for learners to develop their mathematical
reasoning skills – the capacity for logical thought, reflection, explanation, and justification;
and

Underpinning these four strands is that teachers
•

promote a learning-centred classroom which enables all of the above, supported by
teachers engaging with learners in ways that foreground mathematical learning for all.

The Teaching Mathematics for Understanding (Department of Basic Education, 2018a) framework,
along with international curriculum comparisons, show that the South African Mathematics
Curriculum or CAPS compares well with international curricula and the expected skills
requirements of the 21st Century.
In short, the problem is not the curriculum, but how it is taught. The framework is therefore an
attempt to spotlight for teachers and other stakeholders working in mathematics education, ways
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of enhancing the teaching of mathematics to meet the learning outcomes envisioned by the
curriculum.
The big question is, how do we achieve mathematical proficiency, given the constraints of the
current system? The analysis of the systemic and other assessments administered with South
African learners provides insight into some of these constraints. The starkest constraint that
learners and teachers face is that learners arrive at Grade 4 with backlogs and gaps, sometimes
as much as two grade levels, even at this early stage of their schooling (Spaull & Kotze, 2015).
Without some intervention this gap expands incrementally and by Grade 9 many learners are lost
to further opportunities for mathematical learning as evidenced by an average score of 11% for
mathematics in the 2014 Annual National Assessment (Department of Basic Education, 2015a).
Other classroom-based research reflects complex, systemic constraints that have become
normalised in teaching. Much of what occurs in the routines of mathematics classrooms is
frustrated by compliance, teacher-dependency and passivity. It is no surprise then that many
learners develop poor attitudes to mathematics because of negative mathematical experiences,
which ultimately influence their learning trajectory throughout school.
Jo Boaler’s (2018) extensive research on ‘mathematical mindsets’ further supports this proposition.

Successful math users have an approach to math as well as mathematical
understanding that sets them apart from less successful users. They approach
math with the desire to understand it and to think about it, and with the
confidence that they can make sense of it. Successful math users search for
patterns and relationships and think about connections. They approach math
with a mathematical mindset, knowing that math is a subject of growth and
that their role is to learn and think about new ideas. We need to instill this
mathematical mindset in students from their first experiences of math.
Learners with a ‘fixed’ versus ‘growth’ mindsets can be differentiated in the way they approach, for
example, number problems. The difference is that of number fluency versus procedural fluency.
Studies have shown that children who approach mathematics problems with flexible mathematical
mindsets achieve better than children who approach problems with a procedural mindset. The
research also reveals that learners who lack ‘number sense’ are often identified as struggling and
are therefore, as an attempt at remediation, given more drill and practice which reinforces that
mathematics is about memorising rather than sense-making (Gray & Tall, 1994).
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Fortunately, young learners are susceptible to intervention, particularly when given more
individualised work and more opportunities for sense-making in a participatory environment
(Wright, R.J., Martland, J., Stafford, A.K. & Stanger, G., 2006). This was observed in the CASME
Small-Scale intervention described in Section 3, which showed improvements in learner
achievement following the intervention.

CAPS and Mathematical Proficiency
At this point, we consider that it would be useful to reflect on aspects of the South African
Curriculum and Assessment Policy Statements (CAPS) as it pertains to the teaching and learning
of mathematics in the Intermediate Phase. This section also considers the shifts in focus,
knowledge and skills that occur as learners’ transition from the Foundation Phase.
The policy outlines the minimum standards of knowledge and skills to be achieved at each grade.
Reviews and analysis of CAPS agree that the standards set are high and achievable in all subjects
(Department of Basic Education, 2011). From the above analysis of learner performance these
seem not achievable. The research suggests that by designing structured materials that are activity
driven, focused on mathematical proficiency, and coupled with teacher support and development
the knowledge and skills outcomes can be achieved. The programme design needs to take into
consideration the nature of materials used as well as quality of the teachers.
The curriculum aims to produce learners that are able to identify and solve problems and make
decisions using critical and creative thinking (Department of Basic Education, 2011).
It is not necessary within the scope of this report to review the historical curriculum reform that
has taken place since the advent of a democratic South Africa in 1994. Suffice to say that
through its iterative curriculum reform process, the democratic government of South Africa
envisions a culture of teaching and learning through which learners should:


develop an appreciation for the beauty and elegance of mathematics



deep conceptual understanding in order to make sense of mathematics



a critical awareness of how mathematical relationships are used in social,
environmental, cultural and economic relations;



confidence and competence to deal with any mathematical situation without
being hindered by a fear of Mathematics



a spirit of curiosity and a love for Mathematics



recognition that Mathematics is a creative part of human activity
(Department of Basic Education, 2011)
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CAPS Conceptual Progression and Development
The content and context of each grade shows progression from simple to complex. Teaching time
for Mathematics decreases from 7 hours in Foundation Phase to 6 hours in the intermediate phase
(IP) because the number of subjects increase from 3 to 6.
On entry to Intermediate Phase, learners need to understand the concept of place value so that
the learners develop a sense of large numbers and decimal fractions (Department of Basic
Education, 2011).
In the Intermediate Phase, the learner is expected to move from counting reliably to calculating
fluently in all four operations (adding, subtracting, multiplying, and dividing). The learner should be
encouraged to memorise with understanding, multiply fluently, and sharpen mental calculation
skills. There is an evident shift from concrete operations to abstract as numbers done in the phase
are larger.


The main progression in Numbers, Operations and Relationships happens in four ways
(Department of Basic Education, 2011): The number range increases; Different kinds of
numbers are introduced; The calculation techniques change; and Contextual problems
should consider the number range for the grade as well as the calculation competencies
of learners.



With regard to Patterns. this phase has a particular focus on the use of different, yet
equivalent, representations to describe problems or relationships by means of flow
diagrams, tables, number sentences or verbally.



The learner’s experience of Space and Shape in this phase moves from recognition and
simple description to classification and more detailed description of characteristics and
properties of two-dimensional shapes and three-dimensional objects.



Measurement in this phase should also enable the learner to informally measure angles,
area, perimeter and capacity/volume; and discuss and describe the historical
development of measuring instruments and tools (Grade 6).



Learners should begin to analyse Data critically through exposure to some factors that
impact on data such as from whom, when and where data is collected.

Weighting
The weighting of some content areas changes from Grade 3 to Grade 4. (Department of Basic
Education, 2011).

19

Table 3 Changes in Teaching Time from Foundation to Intermediate Phase

Content Area

Grade 3

Grades 4 – 6

Numbers, operations and relationships

58%

50%

Patterns, functions and algebra

10%

10%

Space and shape

13%

15%

Measurement

14%

15%

Data handling

5%

10%

The change in weighting becomes significant if one considers that teaching time for mathematics
decreases from 7 hours per week to 6 hours per week from Grade 3 to 4.
Half of all mathematics teaching time in Grades 4, 5 and 6 is dedicated to Number, Operations and
Relationships. The remaining mathematics teaching time is allocated to Space and Shape
(Geometry); Patterns, Functions and Algebra; Measurement and Data Handling.

Big Ideas in CAPS
Mike Askew’s (2013) article, Big Ideas in Primary Mathematics examines the notion that within the
discipline of mathematics there are some central organising ideas and principles. These ideas
when connected support learners’ understanding of mathematics as a coherent whole. Askew
references a number of these “Big Ideas” and then interrogates the South African CAPS to
determine if they are represented. The article is worth reading for a full exploration. For the
purposes of this review it is worth noting that whilst CAPS does include reference to Askew’s Big
Ideas such as equivalence, place value, number line positioning, there is a need to connect these
more coherently across topics.
Askew (2013) further concludes:

A lack of explicit attention to Big Ideas in the South African curriculum
landscape could contribute to learners continuing to develop fragmented
mathematical knowledge and, consequently, be a factor in the continued low
attainment in mathematics
This also supports the objectives of the Teaching Mathematics for Understanding Framework
and the broader intentions to teach for mathematical proficiency. This section highlights that
whilst there are excellent policies and guidelines in place, the implementation does not seem to
meet the expectations.
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6.0

Themes from the Research Review and
Recommendations

The review highlighted a number of themes prevalent in the research. This is not an exhaustive
list but rather is purposely selective, for relevance to the subject of this review, namely extracurricula mathematics interventions in the Foundation and Intermediate schooling phases. It is
also worth noting that the themes are not definitely partitioned but are interlinked and overlap.
Assessment and instructional practice are a good example of this overlap.
Under each of the identified themes the findings of the research review are discussed followed
by recommendations.

Curriculum
The importance of curriculum coverage and links to formal curriculum policy were prominent in
many studies and programmes reviewed. Given the overwhelming focus within the education
system on compliance with curriculum policy and curriculum coverage in particular, it is
necessary to situate any intervention programme within this context. If teachers can’t see the
relevance of interventions to the demands of the curriculum it is difficult to achieve buy-in,
despite evidence that focusing on number fluency, ‘mindsets’ and foundational backlogs, for
example, is the right thing to do.
However, whilst aligning with the curriculum is important, within the context of extra-curricular
programmes, there is a critical opportunity to draw out intra-curricula conceptual links, particularly
given that this is not always possible during the ordinary school teaching programme.
It is recommended that whilst broadly conforming to the formal school curriculum, interventions
that operate outside of the school timetable should explore links within the broader discipline of
mathematics as well as inter-disciplinary links, for example between social sciences, language,
natural sciences and mathematics.

Context
Several studies cited the importance of creating authentic, culturally relevant learning experiences.
Successful programmes acknowledged the broader socio-economic context in which they
operated and included deliberate design choices that ensured content was relatable to the real-life
experiences of children.
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The South African Curriculum also acknowledges this noting “contexts for solving problems
should build awareness of other subjects and content areas, as well as social, economic and
environmental issues” (Department of Basic Education, 2011).
The recommendation is that the design of activities to be implemented in the extra-curricula
intervention should link mathematical knowledge and concepts to learners’ real-life experiences
and to connect to their pre-existing, informal, mathematical knowledge. Similarly to the
recommendation for curriculum, other subjects can be used as the context for teaching
mathematics.

Assessment for Learning
Although there is recognition that the current system consumes significant time in the
implementation of assessment (although to a lesser extent in the Foundation and Intermediate
Phases), much of the literature that considers the role of assessment points to a need for
practices that are diagnostic, aid in the identification of gaps and thereby guide remedial efforts.
This is given particular attention in the Teaching Mathematics for Understanding framework,
which calls for a shift in focus away from ‘assessment of learning’ to more formative ‘assessment
for learning’. Research in the cognitive neuroscience domain show support for strategies such a
‘retrieval practice’.
An important aspect of assessment is the nature and timing of feedback given. Stenger (2014)
summarises research based strategies for providing students with meaningful feedback. The
research shows that in a study of delayed versus immediate feedback, students who received
immediate feedback were better able to comprehend the material they just read. Hattie and
Timperley (2007) noted that effective feedback is oriented around a specific achievement
students are working towards. Feedback should indicate progress toward the goal. Metacognitive
awareness is supported by robust feedback that guides students thinking in mathematical
understanding.
Research (Clark, 2017) shows that in mathematics classrooms, visible thinking is the key to
mathematics learning and success. Evidence of visible thinking is apparent during mathematical
discussions, explanations, demonstrations, drawing, writing and other ways that ideas are
conveyed.
It is therefore recommended that the programme design should give students opportunity to
show their thinking through a variety of strategies as described above. The application of
assessment should focus on assessment for learning by incorporate timely and detailed
feedback, which includes markers of progress towards the overall learning goals. The

22

incorporation of regular diagnostic tasks that identify learners gaps are critical to guide the
teaching of new concepts for learner understanding. Robert and Spencer-Smith (2019)
recommend that questions and instructions activities should be of multiple styles and in
increasing difficulty.

Instructional Practice
Instructional practice refers broadly to the pedagogy or methods of teaching. Teaching
mathematics in the primary schools has only recently been given the specialist attention
deserving of such an important phase in the development of children’s mathematical foundations.
Despite small improvements in learner achievement in national and international benchmarks and
teacher development interventions as indicated in the summary in 3.0 of this report, classroom
teaching leaves much to be desired.

Classroom-based research points to teaching that foregrounds ritual
participation (including chanting), passive listening and little sense-making,
resulting in many [learners] failing to progress beyond inefficient one-to-one
counting methods” (Graven, 2016).
Adler argued in a presentation to the Mathematics Education Chairs’ Initiative (MECI) in 2010 that
we have to ‘interrupt’ the learning and teaching culture in schools. This culture, as described by
Graven (2016), is one in which learners are passive and the focus of teaching is on administrative
compliance.
The recent Teaching and Learning International Survey (TALIS) report in which South Africa was
the only African country to participate, further revealed that teachers spend up to 32% of their time
on administration or non-teaching activities (OECD. 2019: ). If one takes into account time spent
on formal assessment it is highly likely that the actual time spent creating opportunities for learners
to engage in productive mathematical learning is far less.
Bansilal’s (2013) study on fluency, focused on multiplication in this instance, helps us understand
the ways in which a child’s encapsulations, or lack thereof, of prerequisite skills, hinder progress
with current learning. When procedural fluency fails, evidence shows that returning to concrete
operations can help reduce anxiety and build fluency. In simple terms, this requires that
interventions do not have to be linear but rather should create the opportunity to move back and
forth in order to close gaps and support conceptual progression.
Given the systemic constraints the authors recommend that an extra-curricula intervention use this
opportunity to disrupt the normalised teaching routines and focus its efforts on the deliberate
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development of a ‘productive disposition’. Some of the specific approaches include Differentiation,
Visualisation, Multiple Representations of Conceptual Knowledge, Maths Talk and Embodied
Cognition. The extra-curricula programme should be activity driven, incorporating games and take
cognisance of fun theory.
The programme needs to be sensitive to what research points to. It should promote learning
environments that are free of complex and systematic constraints prevalent in ‘normal’ teaching.
Materials that are interactive and activity driven remove learner passivity in class.

Language
CAPS defines mathematics as “a language that makes use of symbols and notations to describe
numerical, geometric and graphical relationships” (Department of Basic Education, 2011). In
addition, mathematics is learned through language, and ideally involves reading, writing, listening
and discussing mathematical ideas, all of which are heavily language-based activities.
Additive bilingualism recognises the cognitive benefits of attaining proficiency in both the first or
home language and the additional language (English in our case). This has been corroborated in
many research studies carried out in different countries. Therefore, language cannot be ignored in
the design of extra-curricula programmes. Evidence suggests that the affordances of home
languages can be tapped through strategies including code switching, translanguaging and
leveraging the linguistic conventions of learners’ home languages that support mathematical
understanding.
Although some researchers have explored this issue and have attempted to suggest ways on
which the linguistic features of African languages might be leveraged for the teaching and learning
of mathematics, more research is needed.

Whatever the language of expression might be, spoken language needs to be
used in such a way that learners are able to express their thoughts as clearly
as possible, while they grapple with the mathematical concepts that they are
learning. The use of language should not interfere with the learners’ ability to
speak about what they are doing and make conceptual generalisations. The
practices of code-switching and (more recently) translanguaging speak about
flexible language practices. Both practices have been shown to be beneficial
to the learning and teaching of mathematics and contribute to learning for
understanding. (García & Wei, 2014)
From García & Wei (2014), it would suggest a need for further investigation into bilingual learning
materials and with this the opportunity for learners to engage in mathematics talk and mathematical
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sense making in their home-language, alongside the Language of Learning and Teaching. Mostert
(2019) notes that most early-grade Mathematics materials are still conceptualised and written in
English and then translated into African languages without much adaptation. This results in the
differences between the linguistic features of English and African languages being neither
acknowledged nor leveraged.
Looking over the existing literature on the topic, the importance of the relationship between
language and mathematics is clear (Barwell et al., 2016). The nature of this relationship has been
explored by considering how different languages express mathematical concepts. For example,
several studies have explored the relationship between language and number, from the early work
of Menninger (1969) to the more recent 23rd International Commission on Mathematical Instruction
study focusing on whole number arithmetic (e.g. Sun & Bartolini Bussi, 2018). These, and similar
studies, are important because the way in which whole numbers are articulated and written in a
particular language needs to be considered when teaching early-grade mathematics in that
language (Arzarello et al., 2018) (Mostert, 2019).
What is evident in the review of research on language and mathematics, is that there remain gaps
and no definitive strategies for addressing the challenge. Robertson and Graven (2018) argue,
there is little consensus regarding how best to mediate at this interface. The authors point out that
while larger-scale studies advocated stronger efforts at improving students’ proficiency in the LoLT
(English, predominantly); smaller-scale studies recommended greater commitment to use of
students’ home languages as resources for mathematical meaning-making (Robertson and
Graven, 2018).
It is recommended that whilst there remains some uncertainty in the strategies from research, what
is clear is that learners must be given opportunities to engage in mathematical language that is
appropriate for their grade. Further that the conceptualisation of mathematics as a language is
essentially language agnostic and therefore the focus should be on conceptual understanding.
One approach, as discussed under the instructional practice recommendations above, is to
promote meaningful collaboration in problem-solving between learners and promote an
environment that fosters discussion of mathematical ideas, whether in the home or language of
learning and teaching.
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7.0

Research Opportunities

The following section considers some research opportunities that would be useful to the education
community; in particular those involved in planning, designing and implementing extra-curricula
programmes, whether these be for the purposes of extension or remediation.
We should point out that this review was not exhaustive and so there may well be areas of research
that we recommend that are already covered.
A general observation is that there is a gap between research and practice, although there is a
growing recognition of the need to distil the findings of research in practical guidelines or lessons
that will more readily find application in mathematics classrooms. This review is in part at attempt
to respond to this gap.
We have grouped the suggestions by the domains in which they will find application:

Science of Teaching and Learning
There are a number of popular texts finding traction under what we broadly describe as the science
of teaching and learning. This includes well-synthesised research in the broad field of cognitive
neuroscience or ‘the science of learning’. What would be useful is to see a greater body of work
that tests the approaches advocated by learning scientists in South African public schools to
determine the nuance and viability given some of the systemic constraints descried in this report.
We further recommend closer collaboration across the disciplines of education, educational
psychology, neuroscience and cognitive science.

Mindsets
The report touches on the issue of mathematical mindsets and associated ideas of grit, resilience
and the non-cognitive aspects of learner behaviour. On the affective side are negative
mathematical experiences and maths anxiety which have been shown to influence mathematical
achievement or at the very least mark the start of a chain of learning events that put learners on a
downward trajectory. There are a number of studies that have considered this including highly
influential works from prestigious international institutions. More research is needed to test how
these influence learner achievement in the South African context. In particular, given that we have
many examples of learners, through individual agency, who succeed in mathematics despite the
systemic odds being stacked against them. Similarly, we have examples of schools that succeed
in the context of under-resourcing and chronic socio-economic disadvantage.
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Discovery Mathematics and Maths Practice
There have already been public, high profile debates on the relative value of discovery
mathematics versus drill and practice. Whilst the battle lines are not neatly drawn the evidence
seems to point to a need for a delicate balance between the two. There is an opportunity to
investigate these ostensibly opposing positions to provide teachers with greater clarity.

Language
The issue of language and its role in the teaching and learning of mathematics is explored in some
detail under Section 6 of this report. There seems to be, certainly within the South African schooling
context, some indication that the learning language transitions in primary schools influence
learning outcomes. There is a perception that earlier transition to the language of learning and
teaching will have a positive impact on learning and achievement in general. However there is also
a growing body of work that suggests that prolonged learning in and comprehensive mastery of
the mother-tongue is a predictor not only of future second language proficiency but general
educational attainment. The field of language and its role in teaching and learning is open for
further investigation.

8.0

Conclusion

The PEP Academy seeks to implement a programme of extra-curricula mathematics and
numeracy support to learners in Grades 4 and 5. This report clearly shows that this juncture in
childrens’ mathematical learning journeys is critical. It is also clear that the current status puts
learners on a trajectory that sees them suffer expanding knowledge, skills and learning gaps, along
with debilitating mathematics experiences.
The pathway to mathematical proficiency is mapped in the policy and guidelines in what is
ostensibly a well-crafted and comprehensive curriculum. However, realising the aims of the
curriculum are stymied by a number of systemic and historical constraints.
Within this context the academy programme and other extra-curricula initiatives of this nature, have
an opportunity to transform the mathematical learning experiences of children, and in this way
change their learning trajectory.
The answer, according to Kilpatrick et al (2001), lies in creating ‘frequent opportunity to make
sense of mathematics, to recognise the benefit of perseverance and to experience the rewards of
sense making in mathematics’. This is the essence of a productive disposition. It is proposed that
fostering this ‘productive disposition’ should be at the core of extra-curricula programme design.
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Extra curricula programmes possess the potential to turn academic failure to academic success
(Hock, et al, 2001). Marie (2008) proclaims that “after school programmes broaden children’s
experience and improve their social skills, and help students who are not performing well
academically during the regular school day”. Beyond this the research provides a wealth of insight
into the types of activities that could form part of a successful programme, which include evidence
supported approaches to curriculum design and assessment; a multi-dimensional programme that
engages learners in high quality activities that is structured and challenging.
There is also an opportunity to leverage the programme to provide guidance that “strengthens
teachers’ commitment to their profession and motivate them to continually improve their practice”
(Hourigan and Leavy (2019).

9.0
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